
NATIONAL. AERONAUTICS AND SPACE ADMINISTRATION 

T r a ~ l s  la ti an 

‘ I  S u r  la thgorie de l’aile en delta - Tourbillons d’apex et nappes en 
cornet:’ Ls, Recherche Akro., No. 56, Feh. 1937, pp. .3-12. 

b 



t 

5 
rl 

I w 

APICAL VORTICES AND TRWET-SHAPED VORTEX SHEETS 

By Maurice Roy 

The general  problem of flow phenomena on t h i n  de l t a  wings is dis- 
cussed, with the purpose of es tabl ishing the  experimental background f o r  
development of a su i t ab le  theory. 
shaped vortex sheet are developed, but no solut ions are attempted. 
s implif ied approach, representing the trumpet-shaped sheet with a con- 
tinuous d i s t r ibu t ion  of v o r t i c i t y  and with sources and sinks i n  the  flow 
i s  suggested. 
approach are current ly  i n  progress. 
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MTR ODUCTI ON 

For some t i m e  past  numerous papers have appeared with t h e  aim of 
establ ishing,  f o r  the  d e l t a  wing and wing with la rge  sweepback, a simpli- 
f i e d  theory t h a t  would be i n  harmony with the  increasingly known fea tures  
of the  flow of t he  air around wings of this kind. 

It is e s sen t i a l ly  with the  general out l ine,  o r  scheme of t h i s  flar, 
with a view toward employing it as a bas is  for a theory, that I shall 
here concern myself. 

Since the observation of phenomena m u s t  necessar i ly  precede the 
elaborat ion of t h e i r  theory, I have f o r  the pas t  s i x  years at least given 
grea t  importance t o  invest igat ions on the  v isua l iza t ions  of flars. By 
t h i s  method and thanks espec ia l ly  t o  e f f o r t s  and the a b i l i t y  of Werle, 
who among others has a p p l i e d t h e  technique of m i l k  filaments, white or 
colored, the hydrodynamic tunnel bu i l t  at Chat i l lon according t o  my con- 
ception has been intensively u t i l i zed  and has furnished valuable  cross- 
checking of other tests conducted i n  the wind tunnel  and accompanied by 
v isua l iza t ion  through smokes, l iquid coatings, and wool filaments. 

I n  the  hydrodynamic tunnel  i n  par t icu lar  it has been possible  t o  
enter  more deeply i n t o  d e t a i l s  that otherwise escape observation, and 
Werle has already presented twice i n  La Recherche Ae'ronautique resul ts  
of various s tud ies  of t h i s  kind ( r e f . 7 ) .  

I underline the  fact here that it is by no m e a n s  unknown that i n  
these s tud ies  the re  is considerable divergence between t h e  Reynolds 
numbers rea l ized  i n  these wind tunnel tests and those relative t o  a real 
a i rp lane  wing, even if the l a t t e r  flies only a t  v e l o c i t i e s  where t h e  c m -  
p r e s s i b i l i t y  of t he  air is  legit imately neglected. But,  t he  neceseary 
changes having been made, these tests fu rn i sh  q u a l i t a t i v e  information on 
these phenomena which, with some humor, might be c a l l e d  as "illuminating" 
as the  intensely b r igh t  colored filaments, i n  t h e  tests under 
c ons ide ra t  ion. 

lllSur l a  thgorie  de l ' a i l e  en del ta  - Tourbillons d'apex e t  nappes 
en cornet." La Recherche Agro., No .  56, Feb. 1957, pp. 3-12. 
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SCHEME OF THE CONTINUOUS POTENTIAL . 
The de l t a  w i n g  here considered cons is t s  of an angular plane i n f i n i t e  

sec tor ,  of vertex angle II - 29,  cp being the  sweepback angle. 

With respect  t o  the  x,y,z-axes attached t o  t h e  wing ( f ig .  l), t he  
x-axis being the longitudinal ax is  of t he  wing oriented downstream, t h e  
flow i s  assumed steady and of ve loc i ty  a t  i n f i n i t y  under angle of 
a t t ack  a. and without s ide  s l i p .  The f l u i d  i s  assumed incompressible 
and perfect . 

Vo 

The components u,v,w of the  r e l a t i v e  motion a re  put i n  the  nondi- 
mensional form 

w/v0 cos a = ?; J 

We assume t h a t  the  flow i s  conical  with respect  t o  the  apex (z, X ,  and 7 
functions only of y/x and z/x) and t h a t  i n  t h e  transverse plane with 
c omplex var i ab l e  

r ) = Y  
x co t  cp 

Z 
5 = x cot  cp 

t he  f l u x  is  solenoidal, assumptions t h a t  r igorously are not compatible, 
as w i l l  be seen fu r the r  on. 
be defined from a complex po ten t i a l  f ( E )  such t h a t  

The reduced ve loc i ty  (1 + is, x,?;) can then 

x - i.t ~ d f / d r  1 

The scheme of a continuous p o t e n t i a l  implies, i n  t he  transverse 
plane, a flow with passage around the  extremit ies  = &1 of t h e  
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r-l 

r e c t i l i n e a r  cut (-1, +1) of the 7-axis t ha t  represents the cross sec t ion  
of t h e  wing whose span, a t  the height x, is  2b f 2x cot 9. 

I n  the  cu t  half-plane 9 > 0, where E reie, 8 varying from -n/2 
t o  
given by 

n/2, the  poten t ia l  i n  question f(6) and the  reduced ve loc i ty  are 

f ( 6 )  = - i t a n  a 

The lower and upper surfaces of the wing, indicated by e and r, a re  
respect ively defined by 0 
there  take the values 

'lei 5 1, Sei E Qt, and the reduced ve loc i t i e s  

.1 wet = tan a cot  cp 

-6-7 

Tei  = 0 

with 

From this it follows that on the  plan form of the  wing the  tangent 
t o  the  w a l l  streamline of t he  upper or lower surface is  incl ined t o  the  
x-axis by an angle B (see f i g .  E%-.), s o  that 

On the  upper surface the  w a l l  streamlines, or t h e  l i m i t  l i n e s  of 
the  flow, start out orthogonal t o  the  leading edge and flow toward in-  
f i n i t y  downstream, becoming asymptotically p a r a l l e l  t o  the x-axis. On 
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the  lower surface, however, a l l  the l i m i t  l i nes  start out from the apex 
0. Some s t r i k e  the  leading edge orthogonally, and others flow toward 
i n f i n i t y  downstream becoming asymptotically p a r a l l e l  t o  the  x-axis. 
two categories separate along a r e c t i l i n e a r  border incl ined t o  the  x-axis 
by the  angle p i  s o  t h a t  t an  x y/x = 7 cot c p ;  t h a t  i s ,  

These 

This l ine  of divis ion of t he  w a l l  f l ux  on the  lower surface does not 
ex is t ;  therefore ( tan p z  > 0) unless 
tan  a 
f o r  cp = 45O, the  intermediate case where the  strong sweepbacks (9 > 45') 
and the  s m a l l  sweepbacks ( c p  < 45O) meet. The la rge  angles of a t tack  are 
of course here out of the  question because the theories  of l i f t  and pres- 
sure d is t r ibu t ion  over the  wings envisage only su f f i c i en t ly  s m a l l  angles 
of attack. 

a is  su f f i c i en t ly  small s o  t h a t  
remains l e s s  than ( s in  2cp)/2, a l i m i t  t h a t  a t t a i n s  i t s  maximum 

I n  any case, t he  r o l l i n g  up of the  w a l l  l i nes  of the  lower surface 
a t  the  leading edge corresponds t o  a flowing around t h e  leading edge by 
the  adjacent f l u i d  orthogonally t o  the  leading edge and with an i n f i n i t e  
velocity;  hence with an i n f i n i t e  negative pressure. 

I n  t h i s  scheme the  continuous po ten t i a l  therefore  implies t h a t  
around the leading edge and i n  a plane loca l ly  perpendicular t o  it the  
i r r o t a t i o n a l  flow of t h e  incompressible and perfect  f l u i d  i s  analogous 
t o  that of a plane stream flowing around t h e  edge of a thin plane under 
nonzero angle of a t tack .  Hence there  a re  again obtained the  s ingu la r i t i e s  
or  'physical aberrat ions '  of the  theory of the  r e c t i l i n e a r  wing p r o f i l e  
and the  necessity of a theore t ica l  suction e f f ec t  on the  leading edge; 
whereas in  r e a l i t y  a detachment or  separation of t he  flow would take 
place along t h i s  leading edge. 

After reattaching on the upper surface the  flux t h a t  r o l l s  up from 
the  lower surface by flowing around orthogonally t o  the  leading edge 
would embody a p rac t i ca l ly  s ta t ionary eddy zone along t h i s  edge, a zone 
tha t  would thus cons t i t u t e  a vortex r o l l  along t h e  leading edge on the 
upper surface. It i s  t o  such a r o l l  t h a t  t he  B r i t i s h  t e r m  'bubble' 
would i n  t h i s  case appear t o  correspond. 

envisaged. 
Figure 3 b r i e f l y  represents these charac te r i s t ics  of the  flow 

APICAL VORTICES AND TRUMPET-SHAF'ED VORTEX SHEET 

The preceding scheme of the  continuous po ten t i a l  has been envisaged 
above because it i s  c l a s s i c a l  and i n  order t o  br ing out the fundamental 
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fea tures ,  which are very simple. But it does not correspond t o  r e a l i t y  
except perhaps fo r  very small angles of a t tack,  a case f o r  which it may 
even be doubted whether it is  of suf f ic ien t  i n t e r e s t  t o  consider. W e  
s h a l l  therefore  preferably seek a scheme of a greater va l id i ty .  

For a plane t h i n  d e l t a  wing w i t h  s u f f i c i e n t l y  sharp leading edges, 
t he  flow around the  an ter ior  part of t he  wing, the  immediate neighborhood 
of the  apex being however probably excepted, i s  very similar t o  the  flow 
relative t o  the  inde f in i t e ly  extended d e l t a  wing. 

A t  the O.N.E.R.A. the  great number of wind-tunnel t e s t s  t h a t  have 
been conducted i n  1950-51 on wings with strong sweepback and wi thplan  form 
more or l e s s  s i m i l a r  t o  the  delta have brought i n t o  evidence the  formation 
of vortex zones developing above the  wing and s t a r t i n g  from the apex, 
zones r a the r  c l ea r ly  characterized as soon as the angle of a t tack  reaches 
6' t o  go approximately f o r  backsweep angles above 45O. 

I n  1951-52, and as I have pointed out above, I made considerable ef-  
f o r t  t o  v i sua l ize  by various means the flows i n  question, i n  air  and i n  
w a t e r .  Apart from the  par t icu lar  phenomena t h a t  appear near the  points  
or  marginal extremities of these wings  and i n  c e r t a i n  regions of the  
t r a i l i n g  edge, t he  system of vor t ices  of the  u p r  surface appeared, f o r  
severa l  observers, t o  consis t  of two symmetrical vort ices ,  issuing ap- 
proximately from the  apex and forming, above the  upper surface,  a V 
s i t ua t ed  i n  a plane l e s s  incl ined t o  tha t  of t h e  wing than  the ve loc i ty  
at  i n f i n i t y  and l e s s  open than the  V formed by the r e c t i l i n e a r  leading 
edges. 

Remarking t h a t  these vor t ices  can only be fed  and strengthened pro- 
gressively by the ambient flow, I derived from the e n t i r e  series of tests 
the  schematization of t he  flow i n  question by two trumpet-shaped sheets 
according t o  the scheme of f igure  4. 

Some recent publications (ref .  2) u6e schemes that appear t o  present 
a r a the r  s t r ik ing  analogy with that of my 'trumpet vortex sheets. '  
ought therefore  t o  mention, as regards the  question of p r io r i ty ,  t h a t  it 
w a s  i n  1952 that I set f o r t h  t h i s  conception i n  the  following terms 
(ref. 3): "The two pr inc ipa l  ap ica l  vor t ices  appear t o  me t o  arise, for 
each half  wing, from t h e  r o l l i n g  up of a vortex sheet detaching from the  
upper surface of the  wing i n to  a 'trumpet,' approximately orthogonally 
t o  the  surface and along an almost s t ra ight  l i ne  s t a r t i n g  from the  apex, 
a l i n e  which i s  more or l e s s  near t he  geometric leading edge and const i -  
tuting the  t r ace  on the  upper surface D f  a v o r t i c a l  'bulkhead' betweeo 
the two flows of the  upper and lower surfaces." 

I 

The motion of these flows was described as follows: The upper- 
surface flow passing above the apex of the  ' ra i sed  arrow' which const i -  
t u t e s  the  wing studied, warps l a t e r a l l y  over t he  back of the  wing i n  



6 

passing along the  streams, likewise deviated l a t e r a l l y  by the  sweepback, 
t h e  flow of t h e  lower surface causing these streams t o  r o l l  up toward the  
upper surface i n  flowing around the  leading edge. 

The distance apar t  between the  l i n e  of detachment (or separation) 
seen above, or the s ta r t ing-out  l i n e  of the  trumpet sheet ,  and the geo- 
metric l ine  const i tuted by the leading edge i s  a funct ion of the  radius  
of curvature of the p r o f i l e  a t  t h i s  leading edge. I n  par t icu lar ,  t h i s  
dis tance decreases as the  radius  of curvature decreases ( f ig .  5), and it 
tends t o  zero when the wihg p r o f i l e  t h ins  down t o  a l i ne ,  the leading 
edge becoming sharp and preferably tapered. 

This conception has recent ly  been evoked i n  several  publications,  
notably i n  La Recherche Ae'ronautique by R. Legendre ( r e f .  4 )  and by 
H. Werle (ref,5).almost i den t i ca l  conception has been adopted by 
C. E. Brown and W. H. Michael i n  a very in t e re s t ing  paper ( ref .  6 ) ,  i n  
r e fe r r ing  t o  the work of R.  Legendre, but without mentioning the  or ig in  
of my scheme of a trumpet sheet.  

I n  order t o  i l l u s t r a t e  what w a s  said above and as a simple example, 
f i gu re  6 presents the  v isua l iza t ion  by milk fi laments of the  flow on the  
lower surface (a = 20') and on the upper surface (a = 1l0) of a plane, 
th in ,  delta wing (cp = 60') with sharp leading edge. The dividing of the  
w a l l  l ines  on the  lower surface and the  r o l l i n g  up of the  trumpet sheet 
on t h e  upper surface a re  pa r t i cu la r ly  recognizable i n  these two pictures .  

PSEUDO CROSSFLOW 

L e t  us consider t he  tangent l i nes  i n  a t ransverse plane x = constant 
with the  veloci ty  components s i t ua t ed  i n  t h i s  plane. They are usually 
t r e a t e d  as streamlines of a crossflow. I n  f a c t  it i s  a question of a 
pseudo crossflow, i n  the sense t h a t  t he  f l u x  i s  not solenoidal.  

I n  f ac t ,  i n  an incompressible f l u i d ,  as is  here envisaged, the  d i -  
vergence of the transverse veloci ty  i s  not zero, s ince we have 

and aubx cannot be iden t i ca l ly  zero i n  the  assumption of conicity.  

a U / a X .  Let us  ver i fy  t h i s  by computing 
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W e  s h a l l  use the  notations previously defined: 

u/vo cos a rl + G(ll,C) 

- Y  
7 = x  cot cp 

Z 

x cot cp 

W e  have, i n  the e n t i r e  i r r o t a t i o n a l  flux (i.e., outside the vortex sheets  
or concentrated vor t ices )  

an expression i n  which it is seen tha t  t h e  second member cannot be gener- 
a l l y  and throughout nonzero, nor even necessar i ly  negl igible  i n  the  ap- 
proximate theories.  

This second t e r m ,  compared with the divergence of t he  t ransverse 
ve loc i ty  av/ay + au/az i s  of the order of cot2cp, so  t h a t  it approaches 
more near ly  zero as cp approaches s/Z. 

From t h i s  it may a l so  be concluded that i n  an incompressible f l u i d  
the  pseudo crossflow requires a dis t r ibut ion,  i n  its plane, of sources 
and sinks. 
and sinks are  everywhere negligible and t h i s  i s  the  way, i n  f a c t ,  t h a t  
has up t o  now been followed by most authors. 

I n  a ce r t a in  approximate way it can be imagined that sources 

For my part ,  and as I have expressed it i n  1953 at  GBttingen, at  
the annual meeting i n  t h i s  town of the Wissenschaftliche Gesellschaft  
f b  L u f t f a h r t ,  I consider on the contrary t h a t  a more acceptable scheme 
of a pseudo crossf low should involve some d is t r ibu t ion ,  at least concen- 
t r a t ed ,  of sources and sinks. Inmy communication of that t i m e ,  which 
could not be published f o r  inc identa l reasons ,  I had schematized t h i s  
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d i s t r ibu t ion  by combining two sinks with t h e  two underside vor t ices  and 
by adding a compensating source s i t u a t e d  i n  the  plane of symmetry 
of t h e  flow. 

z , x  

It can be considered t h a t  sources (or  s inks ) ,  which correspond t o  
t h e  f a c t  t h a t  
plane, are throughout negl igible ,  o r  t h a t  t h e i r  over -a l l  e f f e c t ,  even i n  
t h e  neighborhood of the  wing, i s  equivalent t o  t h a t  of a ce r t a in  d i s t r i -  
bu t ion  of sources (or sinks)  concentrated a t  c e r t a i n  points  or on ce r t a in  
l i n e s .  I n  any case, i f  one assumes t h e  existence of a sheet ,  conical  
because of the  conical a f f i n i t y  assumed for the  e n t i r e  flow, of f r e e  vor- 
t i c e s ,  it w i l l  be shown below t h a t  t he  sec t ion  of such a sheet i n  the  
t ransverse plane ( should be represented by a l i n e  of vortex s inks (or 
sources). 

6u/6x i s  not r igorously zero i n  t h e  e n t i r e  t ransverse 

Here we may remark only t h a t  the  r o l l i n g  up, so c l ea r ly  revealed by 
experiment, of the  lower-surface flow along t h e  sharp leading edge which 
w e  assume, necess i ta tes  i n  t he  plane < of the  pseudo crossflow the  
existence of a border l i n e  (L) passing a t  a dis tance from the  leading 
edge and ending on t h e  upper surface,  or on the pos i t ive  p a r t  of t h e  
<-axis ,  and a stagnation point  A, ( f ig .  7 ) .  

The area V comprised between the  7-axis and the  l i n e  (L) ,  on the  
s i d e  ( > O ,  i s  f ed  by the  ' s t ra i t '  bounded by the  points  A1 and Ai 
of t h e  7-axis, and receives  an e f f ec t ive  amount t h a t  should then be ab- 
sorbed by the  sinks,  d i s t r ibu ted  or  concentrated, i n  the  area V. I n  com- 
pensation of these s inks it  i s  necessary t o  conceive i n  the  plane 
and outside the  a rea  V t h e  existence of equivalent sources, d i s t r ibu ted  
or concentrated. I n  f a c t ,  when one i s  concerned espec ia l ly  with evaluat- 
ing  w i t h  a su i tab le  approximation the  v e l o c i t i e s  and pressures on the  
wing and i n  i t s  neighborhood it i s  not excluded i n  advance t h a t  t he  com- 
pensating sources i n  question a re  t ransfer red  t o  i n f i n i t y ,  the  r egu la r i ty  
of t h e  po ten t i a l  and of t he  reduced ve loc i ty  then being given up. 

Moreover, as w i l l  be seen, the  trumpet sheet and t h e  conical  d i s t r i -  
bu t ion  of ve loc i ty  t h a t  it implies necessarily assoc ia te  surface sources 
or sinks with the surface vor t ices  t h a t  cons t i t u t e  the  sheet.  

EQUATION OF THE TRUMPET VORTM SHEET 

I n  the  plane < ( f ig .  8)  and over t he  cross  sec t ion  of t h e  sheet 
emanating from the  leading edge t o  the  r i g h t  
s 
and by and 2 two axes oriented along the  d i rec ted  tangent and f o l -  
lowing the normal t o  the  curv i l inear  sec t ion  i n  question, t he  plane (s ,n)  
being i t s e l f  oriented i n  the  same sense as the  plane (7,(). 

A 1  (7 = +l), we denote by 

t h e  curvi l inear  abscissa of the  current  point  (M s t a r t i n g  from A1) 
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W e  denote with indices e and i the two faces  of the sheet t h a t  
prolong the upper surface and lower surface of the  wing and put at the 
current  point M of the  sheet: 

(4) 

n i  ,J 6(s )  = vn, - v 

Vs and Vu denoting the components along the s- and n-axes of the re- 
duced ve loc i ty  ( x , ~ ) ,  i t s e l f  derived from the ve loc i ty  po ten t i a l  t€(~),(). 

According t o  th i s  def in i t ion ,  for a pos i t ive  element ds of the 
sec t ion  of the  sheet,  (-G' ds) represents the d i r e c t  c i rcu la t ion  about the 
element 
b r a i c a l l y  by the element ds 
height along the x-axis i s  equal t o  unity. We denote f i n a l l y  by rs and 
rn 

ds, and (6 d s )  represents the volume of f l u i d  emitted alge- 
of a conical segment of the sheet whose 

along the s -  and n-axes. t he  components of the radius-vector 

A simple calculat ion shows that the condition of tangency of the 
ve loc i ty  t o  the sheet, on i ts  two faces, is given by the double r e l a t ion  

Taking (2) and (4) i n t o  account w e  have 

= (G - G ' r s )  cot cp - 6rn co t  cp 

whence there is  derived from (5) 

tan  cp 

rn + tan2 cp 
& - & = (G - G ' r s )  
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We express the  f a c t  t h a t  t he  pressure i s  continuous across t h e  sheet 
(pe 51 pi) by the  Bernoulli l a w :  

a r e l a t ion  t h a t  i s  f i n a l l y  put i n t o  the  form 

with 
+ (pi + G / 2  

us v + G t / 2  
si 

Equation (7)  of 
t i o n  of a pa r t i cu la r  

our trumpet sheet i s  an in t eg ra l -d i f f e ren t i a l  equa- 
type and not c l a s s i c a l  as has h i t h e r t o  been en- 

countered. I n  considering f o r  example G ( s )  as the  unknown function it 
en te r s  through i t s e l f ,  i t s  der ivat ive,  and in t eg ra l s  of t he  second order 
and of the f i r s t  order expressing +i(s)  and vs i ( s )  i n  terms of G ' ( s )  

and r (s) .  

Another unknown i s  the  "shape" of the sheet;  t h a t  i s ,  t he  functions 
rs(s)  and f ( 7 )  which def ines  it 
i n  the  E-plane. 
pressure across the  trumpet sheet,  there  are ava i lab le  of course the  two 
equations (5) expressing the tangency of t he  flow of t he  upper and lower 
(prolonged) surfaces of t h i s  sheet.  If one of these equations i s  regarded 
as defining by (4) t he  function F ( s ) ,  i t s e l f  regarded as known from G ( s )  
and ( (7 )  - or rs(s)  and rn(s),  which follows from ( (7 )  - there  i s  
added t o  ( 7 )  only t h e  remaining s ing le  equation ( 5 ) ,  which i s  su f f i c i en t  
t o  determine the two unknown functions G ( s )  and ( ( 7 )  under t h e  condi- 
t i o n  t h a t  t h e  sources d i s t r ibu ted  i n  t h e  <-plane outside the sheet  a r e  
regarded as negl igible ,  and hence t h a t  the  t o t a l i t y  of the  compensating 
sources of t h e  vortex s inks of the  trumpet sheet  are reduced t o  a s ingle  
source, necessarily t r ans fe r r ed  t o  in f in i ty .  Here the  s inks and compen- 
sa t ing  sources are  each considered i n  t h e  algebraic  sense. Equation (5) 
can then be wr i t ten  

rn(S)  o r ,  i f  one prefers ,  t h e  function 
Besides equation (7) expressing t h e  continuity of t he  

1 - vni = (1 + hi)rn cot  CP = [1+ (+pi - v sirs - vn i rn )co t  9 rn cot  cp 

4 
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Not t o  prolong the  discussion unduly, I s h a l l  not here discuss the  
question, evidently an e s sen t i a l  one, of knowing whether the  so lu t ion  of 
the complete equation (7) e x i s t s  and whether it is unique, taking account 
of the f a c t  t h a t  the f l a w  becomes singular at i n f i n i t y  t o  which are trans- 
fe r r ed  the compensating sources of the flow quantity f i c t i t i o u s l y  absorbed 
i n  the &plane by the  trumpet sheets. 

I s h a l l  only remark tha t  i f  one follows continuously the  t r ace  of 
the  sheet i n  the E-plane s t a r t i n g  from the leading edge 
a t  posi t ive angle of a t tack:  
t i v e  up t o  the crossing of the free edge of the sheet; G ' ( s )  is  always 
negative, and a t  f i r s t  small; r s ( s ) ,  a t  f i r s t  posi t ive,  vanishes very 
quickly - f o r  the sheet i s  folded on i t s e l f  over a very shor t  space - 
then becomes negative; rs 
radius  vector 
i s ,  after each ro t a t ion  of 180° of the directed tangent s t o  this t race.  

AI, f o r  a wing 
G ( s )  constantly decreases but remains posi- 

changes moreover i n  s ign each t i m e  t h a t  the  - 
OM becomes again normal t o  the t r ace  of t he  sheet,  that -+ 

Hence, at least f o r  the  i n i t i a l  port ion of the  sheet enclosed be- 
tween A 1  and the  tangent most t o  the l e f t  emanating from t h e  or ig in  0 
of the  plane 
posi t ive;  that is, 6 has the  s ign of 
This m e a n s  t h a t  t h i s  segment of the  sheet a t  least is e f f ec t ive ly  repre- 
sented, i n  a necessary manner, by a vortex-sink dis t r ibut ion.  

6 (see f i g .  8),  the factor  (G - G f r s )  of 6 is  ce r t a in ly  
rn, and is  therefore  negative. 

If the  sheet i s  fu r the r  folded (i.e., i f  t he  r o l l i n g  up i n t o  a 
trumpet i s  continued), the preceding character can reverse itself and t h i s  
can be the case each t i m e  t ha t  t h e  s ign  of 
reverses.  The t o t a l i t y  of symmetric sheets,  of course, r e l a t i v e  t o  t h e  
two leading edges, and the f i n i t e  area V of f igure  7 should be equivalent 
t o  a s ink  absorbing the  quantity tha t  crosses the  straits such as 

rn, or t h a t  of (G - G ' r s ) ,  

A1Ai.  

POSSIBLF: FORM OF EDGE OF TFXBIPET-SWED SHEEX' 

The assumed conici ty  - an assumption that could per fec t ly  w e l l  be 
dropped - excludes the inde f in i t e  ro l l i ng  up of the  sheet on i tself ,  
s ince t h i s  arrangment would have t o  appear from the  apex on. 

We assume therefore  t h a t  the  ro l l i ng  up is limited; t h a t  is, tha t  
the trumpet sheet presents a marginal edge, represented by a point B 1  
of the  E-plane (f ig .  9) f o r  the sheet of the r igh t ,  emanating from the  
leading edge A1. This sheet is  then a conical f l u i d  surface A l B l  a t  
a pressure equal on i t s  two faces at each point prolonging the  surface 
of the  wing and whose marginal edge B 1  i s  subs t i tu ted  i n  some way f o r  
the  leading edge A 1  of the plane wing  - ex t r a  slender and with sharp 
edges - here envisaged. 
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Since t h i s  sheet i s  formed t o  avoid the  d i r ec t  flowing around A 1  

t h a t  would imply flow with continuous poten t ia l ,  it must be assumed, on 
the  contrary, t h a t  the flow passes around the marginal border 
t h i s  sheet. It w i l l  be noted inc identa l ly  t h a t  i f  it were not so, G ( s )  
and G' = dG/ds would become zero a t  B1, where one would then have zero 
in t ens i ty  a t  the same time f o r  the  c i rcu la t ion  and f o r  t he  amount of flow 
through t h e  trumpet-sheet surfaces. 

B1 of 

The flow around. 31 
by experience, which is  here, according t o - t h e  saying of Pascal, "the 
master whom we must follow." 

by the pseudo crossflow i s  moreover evidenced 

It i s  not possible however t o  neglect the v i scos i ty  a t  the  point 
nor i n  i t s  neighborhood because it alone prevents the  ve loc i ty  from 
growing i n f i n i t e l y  there ,  as would be the  case f o r  a per fec t  f l u i d  flow- 
ing around the  edge B 1  of our schematic sheet .  

B 1  

On account of the v iscos i ty  there  i s  formed at  B 1  a conical  ? r o l l '  
progressively and continuously fed  by the  v o r t i c a l  s t r i p s  t h a t  cons t i tu te  
t he  sheet and t h a t  wind over t h i s  sheet from the  leading edge 
becoming f ina l ly ,  and s u f f i c i e n t l y  rapidly,  or iented along the  axis  of 
the  marginal roll when they reach it (see f i g .  9 ) .  

A19 

I n  the case, depending on the angle of a t tack  a, where the ro l l i ng -  
up angle of the  sheet - t o t a l  angle of ro ta t ion ,  i n  the E-plane, of t he  
d i rec ted  tangent 2 along the t r ace  of t he  sheet - i s  less than II, t he  
ve loc i ty  l ines  of t he  pseudo crossflow are presented as schematized i n  
f igure  10, where the  stagnation point & of f igure  7 has been hypo- 
the t i ca l ly  placed on the  pos i t ive  pa r t  of the  [-axis. 

L e t  us consider t h i s  conception of t he  marginal roll of the trumpet 
sheet. It i s  a v o r t i c a l  zone where the  v i scos i ty  of the  r e a l  f l u id ,  
which cannot be neglected i n  t h i s  zone with very large ve loc i ty  gradient,  
determines the carrying along by t h i s  r o l l  of t he  f l u i d  layers t h a t  come 
t o  pass around it. This passage around develops continuously as the d is -  
tance from the  apex increases,  constantly thickening the  v o r t i c a l  core, 
whose conical shape matches t h a t  of t h e  trumpet sheet,  according t o  our 
fundamental hypothesis of the  conical a f f i n i t y  from the  apex on, or 
conici ty ,  f o r  t h e  e n t i r e  flow. 

The formation of t he  marginal r o l l  can be represented, neglecting the  
viscosi ty ,  by the  p ic ture  of f igure  11. 
absorbs, a t  i ts  boundary, the  discharge of the  pseudo crossflow t h a t  has 
reached the strait  AlAf and t h a t  has not been absorbed through the 
t race  A l B i  ( i n  place of AIBl) of the trumpet sheet.  One can even 
imagine t h a t  t h i s  core i s  with constant c u r l  according t o  a conception 
recent ly  developed by R.  Legendre for  a cy l ind r i ca l  roll (bubble) of the 

The v o r t i c a l  core (hatched area) 

T 
w 
w 
Ln 

. 
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leading edge 
the  distance 
r o l l  and i ts  

of a rectangular wing.  W e  emphasize, at any r a t e ,  t ha t ,  as 
from the apex increases, t he  c i rcu la t ion  of the  marginal 
volumetric flow rate increase proportionally t o  the ab- 

sc i s sa .  x, the  first by the  constant.bringing up of s t r i p s  of t he  trumpet- 
shaped vortex sheet (of reduced section emanating from but l imited 
a t  
surface of the roll (according t o  the s ink e f f e c t  on the  contour of the  
core i n  the  E-plane). 

A1 
B i )  and the  second by t he  absorption of the flow through the lateral 

The presence of t h i s  roll, its progressive development, i ts  s t a b i l i t y  
connected w i t h  that of the vor t ices  i n  the  i n t e r i o r  of a f l u i d  with negli-  
g i b l e  v iscos i ty  (outside these vort ices)  are very well corroborated by 
experience. 
multiple turns  observed on visualized flow filaments and near t he  marginal 
r o l l s  i n  a trumpet vortex sheet. 

In t h i s  vay should be explained moreover the  t w i s t s  with 

"he same explanation applies i n  my opinion t o  the formation of the 
boundary vort ices  of rectangular wings or wings with very small sweepback 
and with almost e l l i p t i c a l  l i f t  dis t r ibut ion.  A t  the  marginal extremity 
of these wings, and s t a r t i n g  from the leading edge i tself ,  i f  it incurvates 
rap id ly  downstream i n  the  marginal zone, a trumpet sheet is  formed that 
produces i ts  OM marginal roll, and it is  the  latter, very concentrated 
and very durable, t h a t  const i tutes  the boundary vortex of the  wing, i n  
the usual sense. 

PiiACTICAL SCHEME OF FLOW 

The ra ther  d i f f i c u l t  question remains t o  define from the  foregoing 
(which i s  i n  d i r ec t  accord with experience) a scheme such t h a t  it i s  
prac t ica l ;  t ha t  is, such t h a t  it furnishes a su f f i c i en t ly  good approxima- 
t i o n  of the  d i s t r ibu t ion  of the ve loc i t ies  and pressures on and around 
the  wing and t h a t  su f f i c i en t ly  s implif ies  the computations. 

I have dwelt previously on the  ' ra t ional '  conditions t o  which my con- 
ception of the trumpet-shaped sheet must  r e s t r i c t  itself i n  order that 
the  l a w s  of the mechanics of fluids may be obeyed, w i t h  account taken of 
the  intervent ion of v i scos i ty  both for  explaining the  separation of t h i s  
sheet from the leading edge if it is  sharp, or from a neighboring l i n e  
i f  it i s  more or  l e s s  rounded, and for  explaining the  formation of a vor- 
t i c a l  r o l l  at the  boundary of t he  sheet. 

b o n g  these r a t i o n a l  conditions, there  enter  notably the pressure 
equilibrium at  every point of the sheet and over i ts  two faces ,  and a 
f i n i t e  difference of the or ientat ion presented a t  the sharp leading edge 
of a slender w i n g ,  by the  veloci ty  of the flow at  the  upper and lower 
surf aces. 



. 
I have thus emphasized the  necessary t h e o r e t i c a l  connection of sur- 

face  sinks (or sources) with the  surface vo r t i ce s  of t he  trumpet sheet 
under the assumed hypothesis of conici ty ,  and the  approximate character 
of t h e  concomitant hypothesis of solenoidal  f l u x  f o r  t he  pseudo crossflow 
outs ide the preceding s ingu la r i t i e s .  I n  recent  t i m e s  I have, with the  
collaboration of P. Duban, made severa l  attempts a t  maximum s impl i f ica t ion  
of t h e  flow scheme. A l l  those attempts where the  trumpet sheet was only 
fragmentarily represented have furnished r e s u l t s  which, while acceptable 
from several  i n t e re s t ing  poin ts  of view, involve some unsatisfactory 
l o c a l  defect.  

Another attempt, at present i n  t h e  course of calculat ion,  c a l l s  fo r  
a trumpet sheet  with continuous vortex d i s t r i b u t i o n  from A 1  t o  B1, 
completed at  B 1  by a concentrated vortex s ink  ( f ig .  1 2 ) .  I n  s p i t e  of 
t h i s  forced ' s t y l i z a t i o n '  of the  t r u e  s t ruc tu re  of t he  trumpet sheet,  t h e  
computations are more cumbersome than t h e  preceding. The r e s u l t s  w i l l  
be later presented i f  there  is  occasion. 

I n  any case, t he  s t y l i z a t i o n  (at B1 and B2) of the marginal vortex 
r o l l  by a concentrated vortex sink, as I have indicated a t  G6ttingen i n  
1953, appears t o  me  t o  be imposed by the  r e s u l t s  of t he  v isua l iza t ion  of 
t he  real  flow and by a reasonable care  of simplifying the  computations, 
it being understood t h a t  it i s  a question of evaluating ve loc i t i e s  and 
pressures on t h e  wing and i n  i t s  immediate neighborhood. 

TEARING OF THE TRUMPET SHEET 

It is evident t h a t  i n  r e a l i t y  and f o r  a delta wing of large chord 
the  conical flow i s  only approximate and only f o r  a l imited portion of 
t he  wing. 

The v i scos i ty  exer t s  i n  f a c t  a cumulative influence along the  lead- 
ing  edge and from the  apex, as regards the  formation and separation of 
t he  t rumpe t  sheets .  This influence causes a progressive divergence of 
t h e  real flow from the  a f f ine  flow, i n  an approximate manner, f o r  a per- 
f e c t  f l u i d .  
d is tance from the  apex the  trumpet sheet ,  formed from t h i s  point,  tears 
a t  t h e  leading edge and a new piece of trumpet sheet i s  formed from t h i s  
t ea r ing  point on, terminating i n  i t s  tu rn  i n  a more downstream point on 
t h e  leading edge, and so  on. 

It may therefore  be considered as probable t h a t  a t  a c e r t a i n  

Thus, severa l  r o l l s ,  kinds of concentrated vor t ices ,  can appear 
above and along a d e l t a  wing, which then r o l l  up more or  less rapidly the  
one about t he  other.  



"he e f f e c t  of the in te rac t ion  of the  t r a i l i n g  edge on the  flow about 
the  leading edge can s imi la r ly  favor the  tear ing  of a trumpet sheet be- 
f o r e  i t s  development reaches the  boundary point of the  d e l t a  w i n g .  

Numerous observations of visualized flows conducted at the  O.N.E.R.A., 
on slender d e l t a  wings and wings w i t h  s t rong backsweep as w e l l  as on 
spindle-shaped bodies, appear t o  m e  t o  j u s t i f y  the preceding conception, 
which I here r e s t r i c t  myself t o  mentioning, emphasizing the e f f ec t ,  evi- 
dently of e s sen t i a l  importance, of the Reynolds number r e l a t i v e  t o  the  
'depth' of the obstacle i n  t he  f l o w  direction. 
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